We construct the path integral formula in terms of "multi-periodic" coherent state as an extension of the Nielsen-Rohrlich formula for spin. We make an exact calculation of the formula and show that, when a parameter corresponding to the magnitude of spin becomes large, the leading order term of the expansion coincides with the exact result. We also give an explicit correspondence between the trace formula in the multi-periodic coherent state and the one in the "generalized" coherent state.
Introduction
Spin, system being subject to the SU(2) group, is a simple and pedagogical model so that many useful results and discussions have been made. In the framework of the path integral, it is applied to, for example, the explanation of the Fermi-Bose transmutation [1, 2, 3] .
In quantum mechanics there exist few systems which are solved exactly so that various approximations such as the perturbation or the variational method have been invented to give useful results. The most suitable one in the path integral formalism is the WKB approximation, which can be stated as the stationary phase method in quantum mechanics. Although the WKB approximation is useful, the result differs from the exact one in general. However it is known that there exist some systems in which they coincide with each other, for example, the harmonic oscillator: this is a kind of trivial example since the approximation gives the same form with the original action which is the Gaussian to be integrated exactly.
In the stationary phase approximation in finite dimensions, the conditions that an approximation gives the exact result of the integral has been discovered by Duistermaat and Heckman [4, 5] , so that the fact is called as the DH theorem.
Recently there have been some discussions [6, 7, 8, 9] that the WKB approximation gives the exact result (we call this fact as the WKB-exactness) in the trace formula of spin in connection with the DH theorem. However there are some unsatisfactory points in the preceding discussions, for example, the manner of construction of the trace formula and the use of the continuum path integral. With paying attention to the above points, we have shown the WKB-exactness in terms of the spin coherent state [10] with the form
As for path integrals for spin, there exists another expression, the Nielsen-Rohrlich formula [12, 13] , which is constructed in terms of the periodic coherent state. Its trace formula is
J+1/2−ε −J−1/2+ε N j=1 dp j 2π (1.2)
, where ε is positive infinitesimal. On the other hand, the trace formula of the spin coherent state is (1.1). The two representations look quite different despite starting from the same
Hamiltonian. The integration domain of p's and the existence of infinite sum lead to the observation that the phase space is considered to be the "punctured sphere". While the phase space of the spin coherent state is CP 1 ≃ S 2 , the "sphere". In the latter case, the WKB-exactness holds. However in the former case, from (1.2), the equations of motion
which does not meet the boundary condition ϕ N = ϕ 0 + 2nπ in a general h(k). Thus there seems to be no classical solutions. We have clarified this puzzle in ref. [14] . The phase space of the Nielsen-Rohrlich formula is not "punctured" and the appearance of the infinite sum is superficial. The trace formula is equivalent to that of the spin coherent state. By rewriting (1.2) to
the WKB-exactness also holds in this case.
Although the extension of the Nielsen-Rohrlich formula has been attempted [15] , the explicit form has not been yet obtained. We in this paper construct the path integral formula and clarify the WKB-exactness.
The contents of this paper are as follows. In Section 2, we define the "multi-periodic" coherent state to construct the path integral formula. In Section 3, we make an exact calculation of the trace formula. We establish a relationship with the trace formula to that of the generalized coherent state in Section 4. Then we perform the WKB approximation to confirm the WKB-exactness in Section 5. The last section is devoted to the discussion.
Construction of the Trace Formula
First we make up the u(N +1) algebra and the representation space by means of N +1 harmonic oscillators. The method is called the Schwinger boson one [16] . The commutation relations of oscillators are 1) and the Fock space is
By putting
is realized.
The Fock space (2.2) is too large to be the representation space of U(N + 1). We restrict the representation space with the identity operator
where we have used the abbreviation
Now we introduce the highest weight vector defined by
where E α,N +1 (E N +1,α ) is the lowering (raising) operator of u(N + 1). We can identify
The "multi-periodic" coherent state is defined by
which satisfies periodicity
The inner product is 11) and the resolution of unity
To construct the path integral formula, we utilize the next relation:
We rewrite (2.11) with the aid of (2.14) to
where we restrict 0 < ε α ≤ 1/(2 α−1 (N + 1)) for later convenience. We make a change of variables such thatp
with putting 17) which leads to 19) where the tildes have been omitted.
We adopt a Hamiltonian asĤ
where we have assumed that all c's are different from each other and independent on time.
The matrix element of the Hamiltonian is
where
From now on we putε α = 0 for simplicity. (See (2.17) for the range ofε α .)
The Feynman kernel is defined by
or explicitly
where the resolution of unity (2.12) has been inserted in the first equality and ∆ϕ
2 ) terms, which finally vanish in M → ∞ limit, have been omitted in the last equality. We introduce new variables such that
The kernel is then rewritten Further we make a change of variables such that
. . .
which leads to
where we use the notations,
for simplicity. We then obtain the kernel
where we have again omitted primes.
To compare with the θ-expression of the Nielsen-Rohrlich formula (1.4), we make a change of variables such that
with the Jacobian
The trace formula is defined by
whose explicit form is
This is the counterpart of the θ-expression of the Nielsen-Rohrlich formula. Actually, in N = 1 case, by putting Q = 2J and
which is just the Nielsen-Rohrlich formula (1.4).
Exact Calculation
To claim the WKB-exactness, we need the exact calculation to be compared with the result of the WKB approximation. We have already obtained the exact result in another expression (the generalized coherent state) [11] . However we make an exact calculation in this expression to be self-contained.
By changing variables such that
the trace formula (2.35) becomes
Rewriting the exponent to 4) and performing the ϕ i -integrals (i = 1, · · · , N − 1) as the δ-functions, we obtain
By applying the integral relation (A.7) with I = 0, L = 1, u = 2λ and Φ α = 2n α π − µ α T , (3.5) becomes
First we calculate each term of α-sum. We set
We apply the formula
with
to find 10) whereμ N +1 ≡ c N +1 − c α = −µ α . Next the calculation of the last term in (3.6) is
where we have putñ α = −n α in the second equality and applied (3.8) in the last equality.
This is the exact result of the trace formula and just the same with that of the generalized coherent state. We here note that (3.12) can be written in the determinant form: 
Relationship to the Generalized Coherent State
In this section we establish a relationship with (2.35) to the trace formula in terms of the generalized coherent state by an explicit calculation.
By definition, the trace formula in terms of the multi-periodic coherent state is
Inserting the completeness
with noting
and putting
we rewrite (4.1) to If we write (4.5) as
we find m α i = m α i+1 from the θ-integrals (δ-functions). By inserting the identity [11] (
into (4.5), the trace formula becomes we obtain
which is nothing but the trace formula in terms of the generalized coherent state [11] .
The WKB Approximation
In the Nielsen-Rohrlich formula, the WKB approximation is applicable to the θ-expression instead of the p-expression. In this section we perform the WKB approximation to the θ-expression of the trace formula in terms of the multi-periodic coherent state. The WKB approximation in this case is the large Q(λ) expansion.
Writing (2.35) to
with the action:
we find the equations of motion;
Now we solve the first equation(s), (5.3-a). In α = 1 case the equation is
and its solution is
In α = 2 case the equation is (ii)
By a similar consideration, we obtain the solutions: 
Therefore we obtain
Considering about all I's, finally we obtain the solutions of (5.3):
with ϕ's being arbitrary for all α and k.
First we consider the WKB approximation around θ
we write the trace formula to
The leading order term (O((1/λ) 0 )) becomes 14) where δ M has been introduced, which is given for each M and finally put zero, to ensure the convergence of the x-integrals. By the form of (5.14), each x α j -integral can be performed independently to give
(5.15)
we perform the ϕ-integrals to obtain
where we have put δ M = 0 andñ α = −n α in the second equality. Application of the formula (3.8) with noting 18) gives the final form
Next we perform the WKB approximation around
is a special case of (5.20).) We put
and leave θ α k (α = I + 1, · · · , N) unchanged because they are arbitrary numbers to have no expansion points. The leading order term of the trace formula then becomes 
whereñ α = n I − n α . For the remaining part of (5.22), changing variables such that
gives the form of the leading order term
By putting u j = 
where the regularization parameter δ has been introduced for the u j -integrals to converge in the third equality and the relation (A.6) has been applied in the last equality. Thus (5.27) becomes
where the ϕ-integrals have been performed by noting (5.16). Putting
we obtain
where we have applied the formula (3.8) in the second equality and put the explicit form ofẐ I , (5.24), in the last equality. Thus the total contribution of the WKB approximation becomes
which is the same with the exact calculation (3.12). Therefore we can conclude that the WKB-exactness holds in the multi-periodic coherent state.
Discussion
In this paper we have constructed the trace formula in terms of the multi-periodic coherent state as an extension of the Nielsen-Rohrlich formula for spin. We have made an exact calculation of the trace formula and performed the WKB approximation to show the WKB-exactness. We have also clarified a connection between the trace formula and that of the generalized coherent state.
The result obtained in this paper is perfectly parallel with the generalized coherent state [11] . Similar argument in terms of another coherent state may be possible. However the WKB-exactness will not hold in arbitrary coherent states. Now we have the problem that what kind of coherent states make the system WKB-exact.
The extension to the Grassmann manifold from CP N have been made [17] . The corresponding extension from the multi-periodic coherent state will be also possible.
The extension to supersymmetric CP 1 (CP N ) model is also attractive. There is an expectation that by the fermion contribution the result of the continuum path integral coincides with the discrete one.
The extension to field theories is more important. There are some attempts in this field [18, 19, 20] . However they seem to be still insufficient in the mathematical point of view.
∆ k is known as the Vandermonde's determinant and ∆ k (α) is its cofactor apart from sign factor (−1) α−k . We then find the relations (Laplace expansion):
We rewrite ∆ k (α) by another expression. Since 
A.2 Some Integral
We claim
p γ 0 dp N e We prove this relation by mathematical induction. In L = N case we can examine (A.7)
by an explicit calculation. Now we assume that (A.7) holds in L. We then calculate in L − 1 case:
p γ 0 dp This is the determinant form (3.13).
